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ABSTRACT 

Various prev ious  s t u d i e s  have determined that t n e  
p r o u a u i l i t y  of  a c o l l i s i o n  between t h e  Skylab and a piece of 
o r b i t i n g  debris is  q u i t e  l o w  -- on the order of .03%. 
Uever the l e s s ,  it s e e m s  prudent  to  take a c t i o n  t o  detect and 
avoid  a c o l l i s i o n  i f  t h e  e f f o r t  r e q u i r e d  is  n o t  unreasonable  
and i f  tiiere is  a reasonable  e x p e c t a t i o n  of success .  

S ince  tIORAD a l r e a d y  has t h e  t a s k  of ma in ta in ing  
s u r v e i l l a n c e  on objects i n  ear th  o r b i t  and d a i l y  tracks and 
r e p o r t s  on their  o r b i t  parameters ,  tiiey would seem t o  ue t h e  
logical fundamental  da ta  sou rce  for c o l l i s i o n  p r e d i c t i o n .  
Accordingly,  ZJORAD personnel  d e s c r i b e d  t h e i r  c a p a b i l i t i e s  a t  
a p r e s e n t a t i o n  a t  t h e  f4anned S p a c e c r a f t  Center .  iJORAD would 
r e q u i r e  a d d i t i o n a l  f a c i l i t i e s ,  personnel  and funding to provide  
tile d e t e c t i n g  and p r e d i c t i n g  f u n c t i o n  and a t  best, tiiey could  
predict the l o c a t i o n  of  an o b j e c t  w i t h  an accuracy of auout  one 
~ i l o m e t e r .  T h i s  nienorandum SAAOWS triat witri t h i i s  degree of 
accuracy,  and g iven  t i iat  a c o l l i s i o n  o r  n e a r  m i s s  i s  p r e d i c t e d ,  
t n e  p r o u a u i l i t y  t h a t  one w i l l  a c t u a l l y  occur  is on die o r d e r  
of  one t o  t e n  pe rcen t .  T i i i s  accuracy of p r e a i c t i o n  is  c e r t a i n l y  
less trian one would ciesire. Furtuermore,  there is evidence  
biat  there are a s i g n i f i c a n t  riunuer of  03 jects w r i i c l i  r e p r e s e n t  
a p o t e n t i a l  l iazard t o  trie SKylau u u t  w r i i c a  are too s m a l l  to oe 
t r a c k e d  uy NORAD. 

IIA summary, i t  appears  t n a t  a s i g n i f i c a n t  i n c r e a s e  i n  
N l W U  c a p a b i l i t y  would ue r e q u i r e d  t o  s o l v e  only  a p o r t i o n  o f  
t n e  problem and even then ,  the s o l u t i o n  would be of  l o w  q u a l i t y  
a d  n ig t i t  s imply produce many false alarms. Consequently 8 an  
a c t i v e  o r b i t  c o l l i s i o n  d e t e c t i o n  and avoidance 
n o t  appear  j u s t i f i e d  a t  t h i s  t i m e  -- e s p e c i a l l y  
ratrier l o w  p r o b a b i l i t y  of a c o l l i s i o n .  
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I n t r o d u c t i o n  

S e v e r a l  r e c e n t  s t u d i e s  have determined t h a t  t n e  
p r o b a b i l i t y  o f  a c o l l i s i o n  between t h e  Skylab and a p i e c e  of 
o r b i t a l  d e b r i s  ( i n c l u d i n g  the s p e n t  Skylab S-I1  s t a g e ,  the 
payload shroud p a n e l s ,  as w e l l  as a s s o r t e d  p i e c e s  from other  
programs) is  s m a l l  -- on t h e  o rde r  of .03% (see References 1, 
2, 3 ,  and 4 )  f o r  t h e  c u r r e n t  235 nm Skylab o rb i t .  Neve r the l e s s ,  
p ruden t  o p e r a t i o n  d i c t a t e s  t h a t  a c t i o n  should  be  taken  t o  d e t e c t  
and avoid  a c o l l i s i o n  i f  t h e  e f f o r t  r e q u i r e d  i s  n o t  unreasonable  
and i f  t h e r e  is a reasonable  e x p e c t a t i o n  of success .  S ince  
JORAD a l r eady  has  t h e  t a s k  of main ta in ing  s u r v e i l l a n c e  on o b j e c t s  
i n  e a r t h  o r b i t  and d a i l y  tracks and r e p o r t s  on t h e i r  o r b i t  
parameters ,  they  would seem t o  be t h e  l o g i c a l  fundamental  data 
source  f o r  c o l l i s i o n  p r e d i c t i o n .  Accordingly,  EJORAD d e s c r i b e d  
their c a p a b i l i t i e s  t o  a number of NSC and MSC-contractor 
pe r sonne l  a t  a b r i e f i n g  i n  December o f  1370.  As a r e s u l t  o f  
tile b r i e f i n g  and some work o f  their own, I I e s s r s .  1.1. E. Donahoo 
(LIISC-MPAD) and J. L e w i s  (TRW Systems-liouston) have summarized 
t h e  s i t u a t i o n  as fo l lows:  

1. 

2. 

3.  

4 .  

The r e q u i r e d  i n c r e a s e  on s e n s o r  (radar) t r a c k i n g  
would i n c r e a s e  t h e  senso r  workload by 2 0 9  t o  50%. 

NORAD would r e q u i r e  t w o  nours  per day a d d i t i o n a l  
computer time to  process  the a d d i t i o n a l  data. 

The i n c r e a s e  i n  XORAD o r b i t a l  a n a l y s t  ac t iv i t ies  
would r e q u i r e  a t  l ea s t  one a d d i t i o n a l  a n a l y s t  p e r  
s h i f t  f o r  t h e  d u r a t i o n  of  t h e  mission.  

There i s  evidence t h a t  t h e r e  are a s i g n i f i c a n t  
number o f  o b j e c t s  which r e p r e s e n t  a p o t e n t i a l  
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nazard  t o  t h e  Skylab, but  which are t o o  s m a l l  
t o  be t r a c k e d  by iJORAD. 

5. T h e  f u t u r e  p o s i t i o n  o f  a p i e c e  of debris t h a t  
is t r a c k e d  i n t e n s i v e l y  is  a c c u r a t e  t o  about  one 
k i l o m e t e r  f o r  reasonable  p r e d i c t i o n  tines . 
Cur ren t  LJ'ORAD equipment and funding are n o t  capab le  

of absorb ing  the e x t r a  load  r equ i r ed  by tric f i r s t  three p o i n t s .  
'i'iiis inemorandun r e p o r t s  on a u r i e f  s tudy  which q u a n t i t a t i v e l y  
assesses the irtipact of  t h e  f i f t h  p o i n t .  Tile fundamental q u e s t i o n  
t o  be answered i s :  Given t h a t  a c o l l i s i o n  (o r  n e a r  miss) between 
tlie Skylab and some object i s  preciicted t o  occur  a t  some short  
t i n e  i n  t h e  f u t u r e  -- w h a t  i s  the p r o b a b i l i t y  that  a c o l l i s i o n  
w i l l  a c t u a l l y  occur?  

Assumutions U s e d  

To answer t h i s  ques t ion ,  w e  must know h o w  nuch 
d i s p e r s i o n  i s  a s s o c i a t e d  wi th  t h e  p r e d i c t e d  p o s i t i o n s  of t h e  
Skylau and t h e  d e b r i s  p a r t i c l e  i n  t h e  v i c i n i t y  of t h e  p r e d i c t e d  
c o l l i s i o n .  T h i s  i n fo rma t ion  is  con ta ined  i n  t h e  covar iance  
ma t r ix  which i s  cus tomar i ly  c a l c u l a t e d  as p a r t  of  t h e  radar 
data  f i l t e r .  The shape and s i z e  of  t h e  d i s t r i b u t i o n  depends 
i icav i ly  on t h e  amount, q u a l i t y ,  and time d i s t r i b u t i o n  of  t h e  
radar neasurements and t h e  p r e d i c t i o n  t i m e  from t n e  l a s t  d a t a  
p o i n t  t o  t h e  p o t e n t i a l  c o l l i s i o n  i n s t a n t .  Regardless  of t h e  
i n t r i n s i c  accuracy of the r a d a r  neasurement,  the e f f e c t  of 
i n c r e a s i n g  t h e  p r e d i c t i o n  t i m e  is t o  spread t h e  c i i s t r i b u t i o n  
a long  t h e  o r b i t  p a t h ,  so t h a t  f o r  p r e d i c t i o n s  over  s e v e r a l  
o r b i t s ,  as would be requircci f o r  c o l l i s i o n  avoidance,  t n e  
d i s t r i b u t i o n  would become q u i t e  e longa ted .  

S p e c i f i c  q u a n t i t a t i v e  data on tile p o t e n t i a l  accuracy 
of NORAD t r a c k i n g  i s  n o t  r e a d i l y  a v a i l a b l e ,  so  w e  are forced 
t o  use  NASA XSSN data and assume t h a t  it is  r e p r e s e n t a t i v e  of 
what ;?ORAD could  do. Accordingly,  a s ta te  v e c t o r  u n c e r t a i n t y  
cova r i ance  matrix was selected from Reference 5 .  
the r e s u l t s  a t t a i n a b l e  from two SL-1 p a s s e s  over ;iSFN C-band 
( s k i n  t r a c k i n g )  s t a t i o n s  wi th  tile computed s t a t e  v e c t o r  
propagated  forward over  f o u r  o rb i t s .  T d e  s i z e  of i t s  p o s i t i o n  
d i s p e r s i o n  corresponds t o  the value i n  i t e m  5 above, assuming 
t h e  one k i l o m e t e r  is a three-sigma value .  

I t  r e p r e s e n t s  

The ma t r ix  is  presented  i n  Table  1. I t  is expressed  
i n  W J  c o o r d i n a t e s  where U is along t h e  o b j e c t ' s  r a d i a l  
d i r e c t i o n ,  V i s  i n  t h e  in-plane downrange d i r e c t i o n ,  and PJ i s  
out-of p l a n e  completing t h e  o r thogona l  set. I n  order t o  save  
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the r e a d e r  t h e  e f f o r t  of t a k i n g  squa re  r o o t s  etc. 8 the m a t r i x  
i s  p r e s e n t e d  w i t h  t h e  d i a g o n a l  e lements  as t h e  s t a n d a r d  
d e v i a t i o n s  (one sigma) i n  f e e t  and f e e t  p e r  second and t h e  o f f -  
d i agona l  terms are the c o r r e l a t i o n  c o e f f i c i e n t s  . 

I t  w a s  f u r t h e r  assumed t h a t  t h e  Skylab and t i e  debris 
s ta te  v e c t o r  u n c e r t a i n t i e s  can each L e  r e p r e s e n t e d  ay  t h i s  
m a t r i x  arid that  the n a t r i x  is v a l i d  a t  t h e  time o f  p r e d i c t e d  
closest  approach. Ldote t h a t  if the d e b r i s  o r u i t  p l a n e  i n t e r s e c t s  
the Skylab o r b i t  p l ane  wi th  some wedge a n g l e ,  t h e  LWi' c o o r d i n a t e  
system fo r  t h e  t w o  w i l l  n o t  be p a r a l l e l .  ~ c c o r d i n g l y ,  an 
i n e r t i a l  c o o r d i n a t e  system r e p r e s e n t a t i o n  of the m a t r i x  w i l l  
tricn be d i f f e r e n t  f o r  t h e  Skylab and t h e  deb r i s .  

I n  a d d i t i o n  t o  t h e  s t a t e  v e c t o r  u n c e r t a i n t i e s ,  t h e  
p r o b a b i l i t y  of a c o l l i s i o n  is a l s o  a f u n c t i o n  of the wedge ang le  
between t h e  o r b i t  p l anes  o f  t he  Skylab and t h e  d e b r i s  and t h e  
t r a j e c t o r y  of t h e  d e b r i s  r e l a t i v e  t o  t h e  Skylab n e a r  t h e  t i m e  
o f  closest approach. S ince  the  wedge ang le  can vary  over  a 
wide range (from Oto 90 degrees  f o r  an object wi th  the sane  
i n c l i n a t i o n  as t h e  S k y l a b ) ,  o r b i t  p l a n e  wedge ang le  was simply 
t r e a t e d  p a r a m e t r i c a l l y  wi thou t  r ega rd  f o r  t h e  i n c l i n a t i o n  of  
any p a r t i c u l a r  p i e c e  of d e b r i s .  

The  in -p lane  re la t ive  t r a j e c t o r y  c h a r a c t e r i s  t ics  depend 
on the apogee and p e r i g e e  of t h e  debr i s  o r b i t  r e l a t i v e  t o  t h e  
Sky lab ' s  235 nm c i r c u l a r  o r b i t .  An object w i t n  p e r i g e e  a t  o r  
j u s t  below 235 nm and apogee s u b s t a n t i a l l y  g r e a t e r  trian 235 nn 
f o r  exaraple, w i l l  p a s s  t h e  Skylab nore o r  less  : i o r i z o n t a l l y .  
O n  the other hand, an object wi th  a p e r i g e e  a l t i t u d e  of 200  
niles and an apogee a l t i t u d e  of 300 r,iiles w i l l  nave a r,ore o r  
less ve r t i ca l  motion r e l a t i v e  t o  t h e  Shylab. Ia ei ther  c a s e ,  
tLe r a d i a l  component of v e l o c i t y  w i l l  oc subs t a n t i a l l y  s m a l l e r  
tiian t n e  downrange component so  t h e  p o s i t i o n  e r r o r  e l l i p s o i d  
can be expec ted  t o  iiave i t s  long a x i s  i n  the h o r i z o n t a l  p l ane  -- p a r a l l e l  ( f o r  the coplal iar  case)  t o  tlie long a x i s  of the 
Skylab error e l l i p s o i d .  

Consider f o r  trie moment, the case wherein the Skylab 
; > o s i t i o n  is p e r f e c t l y  p r e d i c t a b l e  and tile l o c a t i o n  of the debris 
i s  known t o  t h e  accuracy r ep resen ted  by t h e  covar iance  n a t r i x  
p r e s e n t e d  i n  Table  1. F u r t h e r  assume t h a t  t h e  d e b r i s  o b j e c t  
i s  p r e d i c t e d  t o  i n t e r c e p t  t h e  Skylab a t  sone p o i n t  i n  t i m e  and 
i t s  o r b i t  i s  cop lana r  w i th  t h e  Skylab. m a r  t h e  t ine  of 
p r e d i c t e d  i n t e r c e p t ,  t h e  volume of  t h e  Skylab can be env i s ioned  
t o  "sweep o u t "  a volume of  t h e  object ' s  p o s i t i o n  error e l l i p s o i d .  
I f  t h a t  volume i n c l u d e s  t h e  a c t u a l  l o c a t i o n  of t h e  o b j e c t ,  a 
c o l l i s i o n  w i l l  r e s u l t .  I f  t h e  motion of t h e  o b j e c t  r e l a t i v e  
t o  the Skylab is l a r g e l y  h o r i z o n t a l ,  t h e  swept volume will be 
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a long  t n e  long  a x i s  of  t h e  e l l i p s o i d  whereas i f  tlie r e l a t ive  
motion i s  l a r g e l y  ve r t i ca l ,  t h e  swept volurne w i l l  Le a long  tile 
s h o r t e r  v e r t i c a l  a x i s .  The swept volume w i l l  he larger f o r  t h e  
, i o r i z o n t a l  n o t i o n  case and consequent ly  t h e  p r o b a b i l i t y  o f  a 
c o l l i s i o n  w i l l  be greater. lJote t h a t  f o r  tile i i o r i z o n t a l  n o t i o n  
case, t h e  l e n g t h  of t h e  e l l i p s o i d ' s  long  a x i s  -- the u n c e r t a i n t y  
i n  downrange p o s i t i o n  -- w i l l  have no e f f e c t  on t h e  p r o b a b i l i t y  
o f  a c o l l i s i o n .  S i m i l a r l y ,  t he  s i z e  o f  thc rclciial component 
o f  p o s i t i o n  u n c e r t a i n t y  iias no e f f e c t  on the c o l l i s i o n  
L) robab i l i t y  f o r  t h e  v e r t i c a l  r e l a t ive  motion case. Ti le  a c t u a l  
s i t u a t i o n  w i t n  SkylaD l o c a t i o n  u n c e r t a i n t y  as well as debr i s  
l o c a t i o n  u n c e r t a i n t y  and re la t ive n o t i o n  n e a r  tile t ine o f  closest 
approach a i f  f e r e n t  from s t r i c t l y  h o r i z o n t a l  o r  v e r t i c a l  i s  m o r e  
compl ica ted  t h a n  tile s imple  case j u s t  described, b u t  
l j u a l i t a t i v e l y ,  one can e x p e c t  t h e  same conclus ion .  

A t  t i e  beginning  of this s t u d y ,  it sccricc! rcasonclble 
t o  e x p e c t  t h a t  t h e  ; )urely v c r t i c n l  and i i o r i z o n t d  r e l a t i v e  
r iot ion s i t u a t i o n s  r ~ o u l d  Le t h e  l i m i t i n g  cases nnci one cou ld  
aound t h e  p o s s i b l e  v a l u e s  of  t h e  p r o b a b i l i t y  of a c o l l i s i o n  i ~ y  
s imply  examining t h e  two cases . :!oreover, w i t h  r e l a t i v e  n o t i o n  
o c c u r r i n g  n e a r l y  a long  t h e  e i g e n a x i s  of  the p o s i t i o n  u n c e r t a i n t y  
e l l i p s o i d ,  t h e  p r o b l e n  appeared amenable t o  an a n a l y t i c  s o l u t i o n .  
Such a s o l u t i o n  w a s  found and is de ta i l ec !  i n  Appendix A. 
L a s i c a l l y ,  t h e  t echn ique  works as follows: Tile Shylau is  assumed 
t o  de r e p r e s e n t e d  uy a r e c t a n g l e  o r i e n t e d  p e r p e n d i c u l a r  t o  tlie 
l i n e  o f  i t s  mean rriotion r e l a t i v e  t o  tlie ciebris -- e.cj. v e r t i c a l l y  
o r  n o r i z o n t a l l y .  A s  tile Skylab moves through t h e  u e b r i s  p o s i t i o n  
e r r o r  ellipsoid, a p a r a l l e l o p i p e d  shaped volume is  swept o u t .  
Tae p r o b a b i l i t y  o f  a c o l l i s i o n  i s  t h e n  r;iven uy the p roduc t  of  
" J e  p r o b a u i l i t y  o f  tile d e u r i s  be ing  i n  t h e  swept  volune t ines  
t n e  p r o b a u i l i t y  t h a t  tile SAylab i s  on tile selected p a t h  -- i . e . ,  
t i e  j o i n t  p r o b a b i l i t y .  (Tne r e c t a n g l e  shape f o r  Lie SLylao vas 
selected to  s i m p l i f y  t h e  i n t e g r a t i o n  l i r i i i t s  i n  t h e  computat ion 
of tlie p r o b a b i l i t y  t h a t  t h e  d e b r i s  i s  i n  t h e  swept  volune.)  
Ti le  t o t a l  p r o b a b i l i t y  i s  t h e n  t h e  i n t e g r a l  o f  t n e s e  j o i n t  
p r o b a b i l i t i e s  o v e r  a l l  t h e  p o s s i b l e  p a t h s  tne sky lab n i g h t  nave 
(bli t i i in tne t h r e e  sigma limits of i t s  p o s i t i o n  u n c e r t a i n t y  
u i s t r i b u t i o n ) .  Chile t h e  s o l u t i o n  is  a n a l y t i c a l ,  i t s  form i s  
t i a t  of a m u l t i p l e  i n t e g r a l  which w a s  a c t u a l l y  performed 
numer i ca l ly .  Note that  o n l y  the p o s i t i o n  (upper  l e f t  3 x 3 )  
p o r t i o n  of t h e  u n c e r t a i n t y  cova r i ance  m a t r i x  i s  c o n s i d e r e d  i n  
the s o l u t i o n .  I n c i d e n t a l l y ,  t h e  s i m p l i f y i n g  assumption o f  
r e l a t ive  n o t i o n  a long  t h e  c igenaxes  was n o t  r e q u i r e d  i n  tiiis 
t e c h n i q u e  . 

S i n c e  t h e  a n a l y t i c  approach n i g h t  have t u r n e d  o u t  t o  
be nore formidable t h a n  it d i d  and it w a s  n e c e s s a r y  t o  v e r i f y  
t h a t  some of t h e  s i m p l i f y i n g  assumptions r e q u i r e d  w e r e  
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j u s t i f i a b l e ,  a second independent approacli t o  the problem w a s  
a l s o  t r i e d .  T L s  approach w a s  a Monte Carlo t r i a l s  technique  
wherein numerous random sarqles were taken  from the covar iance  
natrices r e p r e s e n t i n g  the Skylab and deb r i s  s t a t e  v e c t o r  
u n c e r t a i n t i e s .  The samples were added t o  t h e  mean s t a t e  v e c t o r s  
and t h e n  propagated forward or backward i n  t i m e  t o  t h e  p o i n t  
of closest approach . The c l o s e s t  approach d i s t a n c e  was 
c a l c u l a t e d  and e s s e n t i a l l y  an  estimate of  t h e  r n i s s  d i s t a n c e  
cumulat ive p r o b a b i l i t y  d i s t r i b u t i o n  was cons t r u c t c d  . Details 
of t h i s  tecnniyue  are presented  i n  Appendix 13. Zach approach 
Lias d i f f e r e n t  strengths and weaknesses b u t  f o r t u n a t e l y ,  t h e  
r e s u l t s  were comparable. 

R e s u l t s  

F igu res  1 and 2 p r e s e n t  t h e  cumulat ive d i s t r i b u t i o n  
f u n c t i o n s  f o r  t h e  p r o b a b i l i t y  of  trie deb r i s  s a s s i n g  w i t n i n  sortie 
u i s t a n c e  o f  t h e  c e n t e r  of t h e  Skylab g iven  t h a t  t h e  expec ted  
niss Gi s t ance  i s  zero  -- t h a t  is ,  t h e  means of t h e  p o s i t i o n  
u n c e r t a i n t y  d i s t r i b u t i o n s  intersect.  Data f o r  s e v e r a l  d i f f e r e n t  
v a l u e s  of o r b i t  p l ane  wedge angle  are inc luded .  F igure  1 
r e p r e s e n t s  tile case wherein the r e l a t i v e  motion is  e s s e n t i a l l y  
a o r i z o n t a l ,  vhile F igure  2 r e p r e s e n t s  t h e  v e r t i c a l  r e l a t i v e  
n o t i o n  case. liL7ith t h e  Appendix E method, these cases were 
gene ra t ed  us ing  deb r i s  o r b i t s  of 235 iim x 500 mil and 2 0 0  n m  x 
300 nm r e s p e c t i v e l y  (the numbers r e p r e s e n t  t n e  a l t i t u d e s  of 
perigee and apogee) .  For  the purposes of  t n i s  d i s c u s s i o n ,  a 
miss Ly less than  1 0 0  f e e t  w i l l  de cons idered  a c o l l i s i o n  and 
i J r o u a b i l i t y  va lues  w i l l  gene ra l ly  38 r e l a t e d  t o  t h i s  m i s s  
d i s t a n c e .  Tile 1 0 0  f o o t  f i g u r e  i n c l u d e s  an al lowance f o r  t h e  
s i z e  o f  the Skylab,  t n e  debris  o b j e c t ,  and a u i t  f o r  
conservat ism.  P r o b a b i l i t y  values  f o r  o t h e r  m i s s  d i s t a n c e s  can 
L e  read from F igures  1 and 2. 

A s  expec ted ,  t h e  coplanar  h o r i z o n t a l  motion case  r e s u l t s  
i n  t h e  I l ighes t  p r o b a b i l i t y  of a c o l l i s i o n  -- about  3 % .  W e n  
a s m a l l  amount of  wedge angle  i s  p r e s e n t ,  however, the 
p r o b a b i l i t y  i s  s u b s t a n t i a l l y  lower -about  1 . 2 %  f o r  a t e n  degree 
wedge ang le  . T h e  p r o b a b i l i t y  then i n c r e a s e s  monotonical ly  w i t h  
wedge a n g l e  t o  a maximun of about 9% a g a i n  at tile 180  degree  
wedge ang le  p o i n t .  Xote t h a t  the 180 uegree wedge ang le  case 
i s  also a cop lana r  s i t u a t i o n  al though t h e  o b j e c t s  a r e  converging 
from o p p o s i t e  d i r e c t i o n s .  

For the v e r t i c a l  r e l a t i v e  n o t i o n  s i t u a t i o n ,  F i s u r c  2 ,  
t n e  p r o b a b i l i t y  of the d e b r i s  pas s ing  w i l x i n  193 fee t  i s  about  
1.36 f o r  the zero  wedge angle  case.  A t  t e n  clegrees and l a r g e r  
wedge ang le s  , t h e  p r o b a b i l i t i e s  are v i r t u a l l y  i d e n t i c a l  t o  t h e  
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i rh i l e  t n e  data f o r  F igu res  I, 2 ,  and 3 was. gene ra t ed  us ing  ki le  
;h>pendix I3 t echnique  . The s l i g h t  d i f f e r e n c e s  are a t t r i b u t e d  
t o  the f a c t  tha t  t h e  Appendix 3 t echnique  conputcs  the 
p r o i i a b i l i t y  associated w i t h  a 1 0 0  foot  m i s s  f o r  example, on the 
basis of tile d e b r i s  coning w i t h i n  a 1 0 0  f o o t  sphe re  of tile 
Skylab. Tile Appendix A technique computes tiie 1 0 0  f o o t  n i s s  
p r o b a b i l i t y  by us ing  a squa re  wi th  an a r e a  e q u a l  t o  tile area 
of a 1 0 0  f o o t  r a d i u s  circle.  Iii f a c t ,  data p o i n t s  f o r  a l l  f i v e  
f i g u r e s  were gene ra t ed  us ing  both t echn iques  and no s i g n i f i c a n t  
d i s c r e p a n c i e s  w e r e  found. 

Conclusions 

Given t h a t  a c o l l i s i o n  or  nea r  m i s s  between t n e  Skylab 
and a p i e c e  of o r b i t a l  debris  is  p r e d i c t e d ,  the u n c e r t a i n t y  of 
tiie p r e d i c t i o n  i s  so  l a r g e  t h a t  t h e  p r o b a b i l i t y  t ha t  a c o l l i s i o n  
w i l l  a c t u a l l y  occur  i s  on the o r d e r  of 1 t o  108. T,ie p r o b a b i l i t y  
i s  p r i n c i p a l l y  a f u n c t i o n  of the wedge ang le  between tile Skylab 
o r b i t  p lane  and tile d e u r i s  o r b i t  ? lane .  I t  i s  sna l le r  f o r  wedge 
a n g l e s  nea r  i) degrees  and maximum for  iredye ang le s  n e a r  180 
degrees .  For wedge ang le s  near  0 uegrees  on ly ,  t h e  p r o b a b i l i t y  
i s  also a f u n c t i o n  of t h e  ciebris apogee a n i  2 e r i g e e  a l t i t u d e s  
r e l a t i v e  t o  tile Skylab’s  235 im c i r c u l a r  o r u i t .  I f  tile a e u r i s  
o r b i t  has a p e r i g e e  (apogee) a l t i t u d e  n e a r  235 nm and an  apogee 
( p e r i g e e )  a l t i t u d e  s i g n i f i c a n t l y  d i f f e r e n t  from 235 nm, tiie 
p r o b a b i l i t y  of  a c o l l i s i o n ,  given t h a t  one is  p r e d i c t e d ,  i s  
m a r  t h e  1 0 %  value.  Otherwise,  i t  w i l l  be n c a r e r  the 1% value .  
I n  a d d i t i o n ,  o f  course ,  t h e  p r o b a b i l i t y  i s  a f u n c t i o n  of the 
p r e d i c t e d  niss d i s t a n c e  . The p r o b a b i l i t y  decreases rather 
r a p i d l y  f o r  i n c r e a s i n g  p red ic t ed  m i s s e s  i n  the  out-of-plane o r  
r a d i a l  d i r e c t i o n s  b u t  i t  i s  s i g n i f i c a n t l y  less s e n s i t i v e  t o  
p r e d i c t e d  misses i n  t h e  in-plane downrange d i r e c t i o n .  

These p r o b a b i l i t y  values are a s s o c i a t e d  w i t h  t r a c k i n g  
and p r e d i c t i o n  a c c u r a c i e s  which L?OF?AD iias s ta ted  are about  t he  
best they  can do f o r  p r e d i c t i n g  S k y l a b d e b r i s  o r b i t a l  c o l l i s i o n s .  
Even this level  of  accuracy xould r e q u i r e  KORAD f a c i l i t i e s ,  
pe r sonne l ,  and funding i n  excess  of what is  c u r r e n t l y  a v a i l a b l e .  
Trie accuracy of t h e  p r e d i c t a b i l i t y  of a c o l l i s i o n  i s  c e r t a i n l y  
less than  one would desire and an a c t i v e  o r b i t  c o l l i s i o n  
p r e d i c t i o n  and avoidance c a p a b i l i t y  docs n o t  appear  j u s t i f i e d  
a t  this t ine  -- e s p e c i a l l y  i n  view of tiie r a t h e r  l o w  p r o b a b i l i t y  
of a c o l l i s i o n .  
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i i o r i z o n t a l  r e l a t i v e  n o t i o n  case.  T . i i s  i d e n t i t y  occur s  because  
Eie few hundred f e e t  per second r e l a t i v e  r a d i a l  v e l o c i t y  (o r  
d i f f e r e n c e  i n  v e l o c i t y  rnagnitudc) i s  sma l l  compared t o  the 
tiiousands of f e e t  per second r e l a t i v e  out-of-plane v e l o c i t y .  
I n  the s h o r t  p e r i o d  of  time dur ing  trliich the p o s i t i o n  u n c e r t a i n t y  
e r ror  e l l i p s o i d s  i n t e r s e c t ,  r e l a t i v e l y  l i t t l e  v e r t i c a l  motion 
takes place . 

Figure  3 p r e s e n t s  t h e  100  f o o t  niss d i s t a n c e  
l j robabi l i t ies  ve r sus  wedge angle  for  uot i i  cases. ‘%e Figure  
3 data r e p e a t s  d a t a  shown on Figures  1 and 2 b u t  was gene ra t ed  
and p r e s e n t e d  t o  show t h a t  t h e  p r o b a b i l i t i e s  are synmet r i c  about  
zero  deg rees  wedge angle  as one would expec t .  

F igu res  4 and 5 present  the p r o b a b i l i t i e s  of a c o l l i s i o n  
g iven  tha t  t h e  debris  i s  p r e d i c t e d  t o  m i s s  the Skylab Ly sone 
anount.  F igure  4 cons ide r s  the r io r i zon ta l  coFlanar  r e l a t i v e  
iuotion case, w h i l e  F igure  5 p r e s e n t s  the v e r t i c a l  cop lana r  
r e l a t i v e  n o t i o n  case. ,dote t h a t ,  as one rd.cJ.it expec t ,  the 
rate  of decrease i n  the p r o b a b i l i t i e s  w i t h  i n c r e a s i n g  pred ic ted  
miss d i s t a n c e  ( d i s p l a c e n e n t  of the m a n s )  v a r i e s  accord ing  t o  
the d i r e c t i o n  of the p r e d i c t e d  m i s s  and t n i s  v a r i a t i o n  c o r r e l a t e s  
w i tn  the r e l a t i v e  s i z e  of the one sigma p o s i t i o n  errors for  
t i a t  d i r e c t i o n .  I n  t h e  h o r i z o n t a l  r e l a t i v e  motion case, tlie 
va lue  of  t h e  p r o b a b i l i t y  of a c o l l i s i o n  i s  an  o r d e r  of nagni tude  
lower than  the zero niss va lue  f o r  a p r e d i c t e d  m i s s  of about  
550 f e e t  i n  the rad ia l  d i r e c t i o n  or about  350 f e e t  i n  the out-  
of -p lane  d i r e c t i o n .  (Recall  t h a t  i n  the h o r i z o n t a l  cop lana r  
motion case, a downrange displacement  of the p o i n t  of c l o s e s t  
npproach has no e f f e c t  on t h e  probabi l i t i es  . 1 The p r o b a b i l i t y  
of a c o l l i s i o n  i n  t h e  v e r t i c a l  cop lana r  r e l a t i v e  n o t i o n  case 
is  down an o r d e r  of magnitude from t h e  zero  niss va lue  when t h e  
p r e d i c t e d  out-of-plane K i s s  i s  aSout 400  f ee t  o r  when the 
p r e d i c t e d  downrange miss i s  about 3000 feet. 

The p r o b a b i l i t y  of a c o l l i s i o n  g iven  a non-zero nean 
niss d i s t a n c e  i s  a f u n c t i o n  of the o r b i t  p l ane  wedge a n g l e  j u s t  
as it w a s  i n  the zero mean m i s s  distance case .  Iil f a c t  t h e  
f u n c t i o n a l  r e l a t i o n s h i p  i s  of t h e  same form as shown i n  F igure  
3 where t h e  maximum p r o b a b i l i t y  p o i n t s  occur  a t  the 0 and 1 8 0  
deg ree  p o i n t s  and rninimum values  occur  nea r  t e n  degrees  vedge 
ang le .  Tlie amount of d a t a  r equ i r ed  for  de ta i led  p l o t s  
i l l u s t r a t i n g  t h i s  fac t  were not genera ted  a l though s u f f i c i e n t  
data was genera ted  t o  v e r i f y  i ts  t r u t h .  

A c a r e f u l  reader w i l l  n o t e  a s l i g n t  d i screpancy  between 
zero m i s s  d i s t a n c e  p r o b a b i l i t y  va lues  p re sen ted  on F igu res  4 
ana 5 and tiiose p re sen ted  on Figures  1, 2 ,  and 3.  me d a t a  for  
F i g u r e s  4 and S w a s  computed using t h e  Appendix A t echnique  
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APPENDIX A 

ANALYTIC DETERMINATION O F  THE PROBABILITY O F  A C O L L I S I O N  

A p o s s i b l e  c o l l i s i o n  between Skylab and a p i e c e  
of o r b i t i n g  d e b r i s  must be expressed i n  p r o b a b i l i s t i c  t e r m s .  
Ac tua l  l o c a t i o n s  of both o b j e c t s  are p r e d i c t a b l e  from 
t r a c k i n g  d a t a  on ly  i n  a s t a t i s t i ca l  sense  by a t h r e e - v a r i a b l e  
Gaussian d i s t r i b u t i o n  func t ion .  S ince  t n e  locus  of a se t  of 
equ ip robab le  p o i n t s  i n  such a d i s t r i b u t i o n  i s  an e l l i p s o i d ,  
t h e  r e g i o n  i n  which t h e  o b j e c t  i s  l i k e l y  t o  be l o c a t e d  i s  o f t e n  
c a l l e d  t h e  u n c e r t a i n t y  e l l i p s o i d .  Unce r t a in ty  e l l i p s o i d s  move 
w i t h  t i m e  a long  t h e  mean o r  expected p a t h s  of t h e  Skylab and 
t h e  debris,  which are assumed t o  correspond t o  t h e  p r e d i c t e d  
p a t h s .  I f  t h e  u n c e r t a i n t y  e l l i p s o i d s  ( say  f o r  t h e  t h r e e  sigma 
p r o b a b i l i t y  l e v e l )  do n o t  i n t e r s e c t  a t  any t i m e ,  then  it i s  
known t h a t  t h e  p r o b a b i l i t y  of a c o l l i s i o n  i s  n e g l i g i b l e .  I f ,  
on t h e  o t h e r  hand, t h e s e  e l l i p s o i d s  do i n t e r s e c t  f o r  some 
d u r a t i o n  of t i m e ,  t hen  a c o l l i s i o n  i s  p o s s i b l e .  The s t a t e m e n t  
t h a t  a c o l l i s i o n  or near  m i s s  i s  p r e d i c t e d  then  means t h a t  a t  
some p o i n t  i n  time, t h e  c e n t e r s  of t h e  t w o  u n c e r t a i n t y  e l l i p -  
s o i d s  c o i n c i d e  o r  n e a r l y  co inc ide .  

The d e b r i s  ( D )  i s  r ep resen ted  by a p o i n t  and t h e  
Skylab (L)  i s  r e p r e s e n t e d  by a r e c t a n g l e  o r i e n t e d  pe rpend icu la r  
t o  t h e  d i r e c t i o n  of t h e  r e l a t i v e  v e l o c i t y  of L w i th  r e s p e c t  t o  
D.  I t  i s  convenient  t o  t a k e  r e c t a n g u l a r  c o o r d i n a t e  axes  wi th  
t h e  o r i g i n  a t  t h e  c e n t e r  of t h e  D-e l l i p so id  and t h e  Z-axis 
p a r a l l e l  t o  t h e  v e l o c i t y  of  L r e l a t i v e  t o  D. The X and Y axes  
are p a r a l l e l  t o  t h e  s i d e s  of t h e  r e c t a n g l e  t h a t  r e p r e s e n t s  L. 
The i m p l i c i t  assumption of r e c t i l i n e a r  motion h e r e  i s  reason-  
a b l e  s i n c e  w e  are concerned only wi th  t h e  p o r t i o n s  of t h e  
t r a j e c t o r i e s  when t h e  e l l i p s o i d s  of u n c e r t a i n t y  i n t e r s e c t .  
Consider  a n o t h e r ,  s m a l l  r e c t a n g l e  

i n  t h e  ( x , y )  p lane .  S ince  t h e  r e l a t i v e  v e l o c i t y  of t h e  means 
i s  pe rpend icu la r  t o  t h i s  p lane ,  it i s  v a l i d  t o  ask:  what i s  
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the probability PR that the center of L passes throuyh R? 
An equivalent question is what is the probability that at 
any instant in time, the center of L lies in the doubly 
infinite tube with cross-section R? 
in time to be when the center of L-ellipsoid is on the 
plane, 

Taking this instant 
(x,y) 

where f(x,y,z) is the joint normal probability function 
associated with L. 

The joint normal density function for random 
variables X, Y, Z, is given by 

where 

UT = {x-ml, y-rn2, z-m3} , 
C is the covariance (moment) matrix, and 
ml, m 2 ,  m3 are the coordinates of the mean. 

If the covariance matrix is diagonal, the axes of the equi- 
probable ellipsoids are parallel with the axes of reference. 
The square roots of the diagonal elements of C are the 
standard deviations, ux, CY y ,  CJ of the random variables. 

The integral 
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in Equation (1) is precisely the density function fz(x,y) 
for the marginal distribution of X and Y. It is known 
that fz(x,y) itself corresponds to a normal distribution 
in the two variables X and Y with standard deviations, 
0 and u . Thus, P is given in terms of a two-dimensional 
distribution, 
X Y R 

Let g(x,y,z) be the density function for D. The 
probability PRc of collision while the center of L lies in 
R is then the probability of finding D in the doubly infinite 
tube with rectangular cross-section 

{(x-a, x + Ax + a) by (y-b, y + Ay + b)} . 

Here 2a, 2b are the sides of the rectangular cross-section 
of L. Thus, PRc is given by the product 

m x+a Y+b 
= /  , J  I g(x', y', 2 ' )  dz'dx'dy' 

z '= - -  x =x-a yI=y-b 'RC = 'R 

Again, 

( 4 )  
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Thus , 

wnere the error term PR e -+ 0, as Ax, Ay -+ 0. R 

Finally, the probability P of a collision is 

Thus the computation of P has been reduced to the evaluation 
of a four-fold multiple integral where the integrand is the 
product of two two-dimensional marginal density functions. 
It can be shown that (Reference A-1)  the marginal density 
function 

where 
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p is the correlation coefficient for the two-dimensional 
matrix obtained from the first two rows and columns of the 
covariance matrix. Similar expressions are obtained for 
fx(y,z) and f (x,z). Y 

The integr'and in Equation ( 7 )  written out fully 
is as follows: 

2aa102 /i7 2aollo21 J i - p 1 2  

The primed quantities refer to the debris (D) and the 
unprimed to the Skylab (L). 

To carry out the integration in ( 7 )  , an Algol 
program was developed. The basic algorithm merely uses 
Simpson's three-eighths rule, but the Algcl language permits 
an indirect recursive device that greatly simplifies the 
program for multi-dimensional integration (see Reference A-2) 

Completely arbitrary orientations of the two 
ellipsoids as well as non-intersecting mean paths can be 
handled in the fashion outlined above. Actual computations, 
however, were carried out for the cases that have physical 
significance. Since any general case nay be obtained from 
some simple case by a translation and/or rotation of the 
L-ellipsoid -- which means that the covariance matrix is 
pre- and post-multiplied by appropriate translation and/or 
rotation matrices -- the computation of the collision 
probability in the most general case is only slightly more 
cumbersome. 
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ii : ionte  i a r i o  t r i a l s  approacn was idso useci t o  
u e t e r n i n e  tile 1 ) r o u a u i l i t i e s  of a c o l l i s i o n .  ' L L i i s  tecnri ique 
i i ivo lves  f o u r  s t eps  : 

i . cons t r u c t i n q  example case mean s t a t e  v e c t o r s ,  

L . 5 a n p l i n g  from tile u n c e r t a i n t y  covar ia i icc  
raatrices and adding  ~ i i e  sar~ple c lev ia t ion  
t o  tile meitii s t a t e  v e c t o r ,  

3 .  cor.iputilig me u i s t a n c e  a t  u e  l i o in t  of 
c l o s e s t  approacii, a n a  

4. computiny u e  p o u a b i l i t y  va lues  us a 
f u n c t i o n  of niss u i s t a n c e .  

'A'M S k y l a b  rncau s t a t e  vector dssurnes a 235 nn 
a l t i t u u e  c i r c u l a r  o r h i t .  ';lie u c u r i s   or^ j ec t  m a n  p o s i t i o n  
s t a t e  v e c t o r  was se t  up to iiave the d e s i r e d  p o s i t i o n  r e l a t i v e  
to  tile S k y l a u  ( e . g .  t h e  same p o s i t i o n  vector for  the zero 
m a n  m i s s  case) and tlie mean v e l o c i t y  v e c t o r  i s  uctermined 
on t n e  ijasis of tile ciesired apogee anci p e r i g e e  r a d i u s  and 
o r u i t  .)lane :iedqe ano le .  

'i'iie second s t e p  involved  computing a ZamFle p o s i t i o n  
and v e l o c i t y  v c c t o r  for eacii state.  T i i i s  was clone uy f i r s t  
t a k i n g  a raridorn s a n n l e  d e v i a t i o n  v e c t o r  from t h e  c o v a r i a n c e  
n a t r i x  f o r  eacn of tile tvo s t a t e s .  Since  hie c o v a r i a n c e  
n a t r i x  vas assumed t o  apply t o  trie local  v e r t i c a l  c o o r d i n a t e  
sys tem o f  eacil s t a t e ,  tlie cieviat ion v e c t o r s  were eacIi r o t a t e d  
t o  t.ie i n e r t i a l  c o o r d i n a t e  system i n  wiicAi tile norliinal ( o r  
r.lean) str7tes were defineci. ?'le r o t a t e d  d e v i a t i o n  v e c t o r s  
w e r e  t l ien auded t o  tde uean or  nominal s t a t e  vectors t o  
o u t a i n  t h e  sample s t a t e  v e c t o r s .  TIie set  of ra1icior.i numuers 
used  t o  :;ample t i e  cova r i ance  n a t r i x  i s  mi l - r epea t ing  f o r  
t r i e  s e t  of t r i a l s  useu f o r  eacli case; ,lowever, tile same s e t  
of randorn iiumuers was used f o r  eve ry  case s t u d i e d .  

kli tn the sariipie s ta te  vectors s e t  dp, tile i3oint of 
closest approaca w a s  uien computed. d i t  f i r s t  biis was uoiie 



~ ) y  i t e r a t i v e l y  !)roijaqating the s ta tes  u s i n q  k;eplerian r’iotion 
u n t i l  tile p o i n t  of closest  approacii was locatcci, ‘i’tiis ~ i l s  
fourid t o  de a s h w  and unnecessary approacri . ‘i’.~e teci inique 
used  t o  conputc  tue d a t a  i j rescnted  i n  triis mernorancium assuned 
tliat t h e  p o i n t  of c l o s e s t  approacii occu r s  aloncj a l i n e  cicfincd 
u y  tile Skylau saraple v e l o c i t y  v e c t o r  minus tlic cteuris sarqjle 
v e l o c i t y  v e c t o r  arid o r i g i n a t i n g  a t  bie u e u r i s  sample p o s i t i o n .  
‘i’.ie p o i n t  of closest approach is founci urop1)irig a 
. ; e r p e n d i c u l a r  from tile S,,ylab sarnplc p o s i t i o n  Lo t n i s  v e l o c i t y  
u i f f c r c n c c  v e c t o r  
answers  i d e n t i c a l  t o  tliose o b t a i n e d  us ing  i iep ler ia i i  
p ropaga t ion  , triougli an o r u e r  of magrii tucle less coniputer t ine  
was r e q u i r e d .  

‘i,iis teci inique das fouiici io llrouuce 

For ex11 case s t u d i e d ,  ~ t i u d  t r i a l s  v J e r e  r un  ana  tile 
iiuiwer of tines tile riiss u i s t a n c e  was Less tlim some u i s t a n c e  
( e . g ,  130, 2 d 0 ,  300 f e e t ,  e t c , )  was counteu. ‘i’licse v a l u e s  
were tlieri s imply u i v i d e d  uy 1500 to  !)roviue an es t imate  of 
bie p r o u a u i l i t y  of trie d e u r i s  + i s s i n g  w i t i i i i i  t i e  g iven  
u i s t a n c e  o f  trie c e n t e r  of the Skylau.  ‘file p r o u a u i l i t y  levels 
were trien p l o t t e d  as a f u n c t i o n  of m i s s  u i s t a n c e  t o  p r o v i d e  
an estimate of t i e  c u x u l a t i v e  d i s t r i b u t i o n  f u n c t i o n  f o r  eacli 
case. F i g u r e s  1 and L are examples of these p l o t s  ta0ug.i 
o t m r  cases were run ,  ULita p o i n t s  cor responding  t o  trie data  
on  F i g u r e s  4 and i, were a l so  conputeci w i t , i  t r i i s  tecrinique 
as a cross check uetween the two t echn iques .  
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